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a b s t r a c t 

The formation and life-span of clouds as well as the associated unsteady processes concerning the micro- 

physics of the water phases they may contain are open questions in atmospheric physics. 

We here use three-dimensional direct numerical simulation to analyse the temporal evolution of a small 

portion of the top of a cloud. The Eulerian description of the turbulent velocity, temperature and vapor 

fields is combined with the Lagrangian description of two different ensembles of cloud droplets, that is, 

with a monodisperse and a polydisperse size distribution. A shear-free turbulent mixing layer is used to 

model the background air flow of the cloud top. This flow is considered appropriate because clouds can- 

not stand the presence of shear, which inevitably destroys them quickly. Luke-warm clouds are generally 

found at an altitude of 10 0 0-20 0 0 meters, live for a few hours or up to 1-2 days, continuously change 

shape, and have typical dimensions of some hundreds of meters. The global time-scale of these changes 

is recognized as being of the order of 100 seconds ( Shaw (20 03) , Warhaft (20 09) ). From the formation 

phase to the dying out phase, clouds live under a continuous sequence of transients that are slightly 

different one from the other. 

In this study, we have tried to reduce the simplification level with respect to the real warm cloud situa- 

tion as much as possible. We have included the same level of supersaturation of warm clouds, the same 

amount of liquid water content, and thus, the same numerical number of water droplets, and finally, a 

typical unstable perturbation of the density stratification and a typical kinetic energy cloud / clear air 

ratio (order of 10). We have considered an observation duration of the order of a few seconds (about 

10 initial turnaround times). During this time, the kinetic energy decays throughout the system by 95%. 

It should be recalled that the kinetic energy inside the interfacial layer (the shear-free turbulent mixing 

layer that matches the cloud region to the ambient air region) also decays spatially, by nearly 85%. We 

observed, with respect to the cloud region, in the interfacial layer, a five times faster achievement of 

a common value of standard deviation for the probability density of both the monodisperse and poly- 

disperse populations. This acceleration of the dynamics is remarkable and is somewhat counterintuitive. 

It is closely correlated with the intermittency of the small scale of the air flow and of the supersatura- 

tion fluctuation. We give information on the size distribution of both the positive and negative droplet 

growth and on the drop size and the corresponding numerical concentration value of the distribution 

peak as time passes. Finally, we comment on the extension of the concept of the collision kernel for 

an unstable and inhomogeneous system in which turbulence decays faster than the time scales of the 

involved aqueous phases. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Atmosphere clouds are fascinating systems that host a rich and 

omplex physics not yet completely known. They are still one of 

he major uncertainty affecting reliable weather and climate fore- 

asts. Many different methods of investigation are used to under- 

tand the multiple physical phenomenologies that regulate the life 
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f clouds. The methods are in a continuous phase of development 

ll over the world, which gives the index of the liveliness of re- 

earch in this area. Whether it is field studies, or laboratory stud- 

es, or studies conducted by means of numerical simulations on 

achines capable of hosting High-Performance Computing, at state 

f the art, studies can only focus on sections or subsections of the 

hysics involved. One aspect not yet understood is the fact that 

nside clouds, the kinetic energy is larger than in the clear air 

utside. Clouds behave as energy traps. The energy can be devel- 

ped by inner physical-chemical processes as latent heat release by 

ater drops nucleation and condensation or by turbulent energy 

mplification induced by unstable density stratification. The en- 

rgy captured from acoustic-gravity waves propagating into clouds 

rom below or above cloud layers, or from cosmic rays during 

heir interaction with water drops, or from electromagnetic radi- 

tions from the Earth or from outside the atmosphere should be 

lso taken into account. However, the introduction into a numer- 

cal simulation of all these facts is yet very difficult. For instance, 

ompressibility must be included to account for internal acoustic, 

ravity waves and baroclinicity effects, but efficient techniques to 

arry out compressible simulation of cloud at the evanescent rele- 

ant values of the Mach number have not been developed yet. 

Drops nucleate in clouds when gaseous water vapour condenses 

n a substrate into water. Usually, they have diameters of less than 

0 microns and follow air streamlines. In any case, droplets inter- 

ct with each other with a low probability of collision. The range of 

cales involved in the dynamics of clouds cannot yet be covered by 

ully resolved numerical simulations Atkinson and Zhang (1996) . 

he complexity of the multiscale cloud dynamics becomes fully ap- 

arent at the cloud boundary where air, water vapour, and droplets 

nd less humid air, usually named as clear air, interact in a situa- 

ion where turbulence is highly intermittent and anisotropic. Direct 

umerical simulations (DNS), which resolve the turbulence down 

o the finest scales, can help to associate turbulence dynamics to a 

implified cloud microphysics model that includes droplet forma- 

ion, growth, and interaction. In particular, inside an atmospheric 

loud, the shear-free mixing layer one of the simplest set-ups of 

nhomogeneous turbulence - is considered a good model flow for 

heir edges. This layer forms when two homogeneous and turbu- 

ent regions with different mean kinetic energies are brought to- 

ether and was studied in laboratory experiments, starting with 

ilbert (1980) , Veeravalli and Warhaft (1989) , as well as in direct 

umerical simulation, Knaepen et al. (2004) , Briggs et al. (1996) or 

ordella and Iovieno (2006) , Tordella and Iovieno (2011) . 

In past literature, most simulations of lukewarm clouds, on av- 

rage, assumed static and homogeneous conditions. We are inter- 

sted in simulating more realistic regimes of warm clouds that ac- 

ually are systems that live in perpetual transitional situations. 

In our simulation, cloud boundaries (called interfaces in the 

ollowing) are modeled through the shear-less turbulent mixing 

atching two interacting flow regions - a small portion of cloud 

nd an adjacent clear air portion of equivalent volume - at differ- 

nt turbulent intensity. An initial condition reproduces local mild 

nstable stratification in density and temperature. The droplets 

odel includes evaporation, condensation, collision, and coales- 

ence. We investigate the effect of transient anisotropic turbu- 

ence on two different populations of water droplets initially ran- 

omly positioned in the cloud region. We implement both a mono- 

isperse and a poly-disperse population of particles. For the colli- 

ion model, unlike Franklin (2005) (phantom collision model), we 

se a geometrical collision model combined with condensation- 

vaporation growth-decay. The paper is organized as follows: 

ection 2 provides a general description of the physical model for 

loud droplets and cloud turbulence and the methodology used 

or this study. Section 3 describes the statistical results concerning 

he drop size distribution temporal evolution. Section 4 presents 
2 
 preliminary investigation on the workability of obtaining from 

he numerical simulation of a fast time decaying turbulent shear- 

ree layer a collision kernel. Conclusions and outlook follow in 

ection 5 . 

. The physical system 

.1. Turbulent air flow, temperature and water vapor mixing ratio 

elds 

Our simulations focus on regimes of warm cumulus clouds, 

hich systems that are in constant transition. Cloud boundaries 

re represented through a shear-less turbulent mixing. This flow 

s considered a good model for several reasons: as clouds, it is in- 

rinsically non-steady, it may accommodate an integral scale gra- 

ient parallel to that of kinetic energy and enstrophy, its intrin- 

ic anisotropy includes the small scales of the turbulence. In fact, 

he moment tensors of the velocity fluctuation derivative have 

ain diagonals with different values of their terms ( Tordella and 

ovieno (2011) ). The decaying shearless mixing is fundamentally 

imple because it is free of the turbulence production due to the 

resence of a mean shear, which is a typical situation of the life of 

louds. The presence of a mean shear in fact causes atmospheric 

louds to dissolve. For the flow schematic, please, see Fig. 1 . 

Shearless velocity fluctuation mixings are easily generated 

n 2D and 3D numerical simulations by exploiting periodi- 

al boundary conditions. In practice, they are produced by 

he interaction of two initially homogeneous isotropic turbu- 

ent flows (HIT) with different levels of (i) turbulent kinetic en- 

rgy ( Knaepen et al. (2004) , Briggs et al. (1996) , Tordella and

ovieno (2006) , Tordella et al. (2008) , Tordella and Iovieno (2011) ), 

ii) temperature Iovieno et al. (2014) , Kumar et al. (2014) ), (iii) 

ntertial particles ( Ireland and Collins (2012) ), also in the pres- 

nce of supersaturation ( Gotzfried et al. (2017) ). This configu- 

ation has been studied also in laboratory experiments, starting 

ith Gilbert (1980) and Veeravalli and Warhaft (1989) , where 

nly mono-phase fluid turbulence was considered, to configura- 

ions where inertial particles were present ( Good et al. (2012) , 

erashchenko et al. (2011) ). 

The simulation parameters match those of cloud regions close 

o borders, see Tables 1 and 2 . The governing equations are the 

ncompressible Navier-Stokes ones, used with the Boussinesq ap- 

roximation for both temperature and vapour density, and active 

calar transport equations for the water vapour and the thermal 

nergy. Inertial water drops are represented via a Lagrangian ap- 

roach, including Stokes drag and gravitational settling. This model 

s coupled to the vapor and temperature equations through their 

espective evaporation-condensation source terms. We follow the 

rop position, velocity, and radius. This is a one-way coupling ap- 

roach and does not include feedback from droplets to the fluid 

irflow field. 

The size of the computational domain is 0 . 512 m × 0 . 512 m ×
 . 024 m and is discretized by using 512 × 512 × 1024 grid points. 

ince the turbulence intensity, and thus the dissipation rate, de- 

ay in time, the small scales, in particular the Kolmogorov scale ηk 

row in time, see Fig. 2 . This allows the grid size of 1 mm to be

ell below ηk during most part of the transient decay, and nearly 

qual to ηk at the simulation begin, in particular inside the two 

rst eddy turn over times. 

A synthetic divergence-free field with a −1 . 67 slope power 

pectrum in the inertial range and an exponential tail in the dissi- 

ation range (random phases) is used to build the initial condition 

or the velocity field. A preparatory simulation with an initial dissi- 

ation of ε ≈ 500 cm 

2 /s 3 for the cloud region was set and the field

as let to evolve for one eddy turn over time (1100 iterations) un- 

il it reached the dissipation of ε ≈ 130 cm 

2 /s 3 . This field was then 
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Fig. 1. Overview of the physical system, cloud - clear air transient interaction, and of a few relevant averaged and spectral physical properties. 
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sed to build the initial condition where an energy ratio of 6.7 was 

rranged between the cloud and clear air regions, as well as differ- 

nt levels of temperature and supersaturation, see Table 1 . 

Model equations for the fluid flow are solved using the 

ourier-Galerkin (FG) pseudo-spectral method. The temporal in- 

egration uses a four-stages fourth-order explicit Runge-Kutta 

cheme in the low storage version by Jameson, Schmidt and Turkel 

1981) with exponential integration of the diffusive terms, see 

ovieno et al. (2001) . The numerical code uses a one-dimensional 

lab parallelization and Message Passing Interface (MPI) libraries. 

Similar to previous Direct Navier Stokes numerical simulation 

odels, Kumar et al. (2014) , Gotzfried et al. (2017) , our code is

eglecting compressible effects and is based on the incompress- 
3 
ble Navier-Stokes equations under the Boussinesq approximation, 

here both the vapor mixing ratio field q v (x j , t) , which is given

y the vapour density ρv referred to the dry air density, q v (x j , t) =
v /ρ0 , and the temperature T (x j , t) are transported as passive 

calars. The governing equations are given for the turbulent veloc- 

ty field u i (x j , t) , the temperature field T (x j , t) , the pressure field

p(x j , t) and the vapor mixing ratio q v (x j , t) . In the following, in-

ices i, j, k are used within the Einstein convention. 

∂u i 

∂x i 
= 0 (1) 

∂u i 

∂t 
+ u j 

∂u i 

∂x j 
= − 1 

ρ0 

∂ p 

∂x i 
+ ν

∂ 2 u i 

∂x 2 
j 

− B δzi , (2) 
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Fig. 2. Kinetic energy (a), Liquid Water Content (LWC) for the polydisperse droplet population (b), buoyancy (c) and supersaturation (d) mean values along the in- 

homogeneous direction at three stages along the temporal evolution. In physical non normalized terms, the evolution lasts a few seconds ( τ0 = 0 . 42 s, see Table 2 ). The 

top left panel shows the turbulent energy excess with respect to the clear-air part, normalized with the difference difference between the two regions ( E 1 = 10 · E 2 ) at t = 0 . 

Panel (e): temporal evolution of the dissipation (line dotted parts represent the preparatory phase of the initial condition) and of the Kolmogorov microscale. The dashed 

red line represents the grid spacing. Panel (f): temporal evolution of turbulent energy in interfacial mixing and in the cloud region. 
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∂t 
+ u j 

∂T 

∂x j 
= κ

∂ 2 T 

∂x 2 
j 

+ 

L 

c p 
C d (3) 

∂q v 

∂t 
+ u j 

∂q v 

∂x j 
= κv 

∂ 2 q v 
∂ x j ∂ x j 

− C d (4) 

ere, ν is the kinematic viscosity of air, g the gravitational ac- 

eleration, ρ0 is the reference value for the density of dry air, c p 
he specific heat at constant pressure, L the latent heat ( 2 . 48 · 10 6 

 kg −1 ), k the temperature diffusivity, D the diffusivity of the vapor 

ixing ratio. C d and B are the condensation rate field and buoy- 

ncy field, respectively. 

Upon the introduction of the volume average < ˙ > , an average 

omputed on the slice of domain normal to the vertical direc- 

ion, i.e. the x 3 direction, and thickness equal to the distance be- 

ween two consecutive grid steps, the temperature fluctuations T ′ 
re given by 

 

′ (x j , t) = T (x j , t) − < T (x 3 , t) > (5)

here the volume averaged temperature is actually constant in 

ime and equal to the sum of the temperature T , the average 
0 

4 
ver the entire domain, and a linear background negative variation 

hich sets the unstable stratification, thus < T (x 3 ) > = T 0 + Gx 3 ,

ee Table 1 . The initial temperature field term T ′ depends only 

n the x 3 coordinate and has an hyperbolic tangent representation. 

or details, see Section 2.3. 

The vapor mixing ratio fluctuation is are given by 

 

′ 
v (x j , t) = q v (x j , t) − < q v (t) > . (6)

n this case, the volume average is time dependent. 

The buoyancy field B in the momentum Eq. (2) depends on the 

emperature field T (x j , t) and the vapor mixing ratio field q v (x j , t)

nd is defined as: 

 = g[ T ′ / < T > + αq ′ v ] (7) 

here α = M a /M v − 1 = 0 . 608 and M a and M v are the dry air and

apor molar masses, respectively, see Saito and Gotoh (2018) . 

In this model, droplets affect the evolution of the fluid motion 

hrough the condensation term C d in (3) and (4) . The condensa- 

ion rate field C d = C d (x i , t) is defined as time derivative of the

ass of liquid water, m l , contained within each �3 volume cell 

urrounding the grid point x i , referred to the mass of dry air m a ,

aillancourt et al. (20 01, 20 02) . Since cloud droplets are advected 

y the turbulent flow, C must be determined in the Lagrangian 
d 
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Table 1 

List of thermodynamics constants and flow field parameters and their corresponding values in the present DNS. 

Quantity Symbol Value Unit 

Latent heat of evaporation L 2 . 48 · 10 6 J kg −1 

Heat capacity of the air at constant pressure c p 1005 J kg −1 K −1 

Gravitational acceleration g 9.81 m/s 2 

Gas constant for water vapour R v 461.5 J kg −1 K 

Gas constant for air R a 286.7 J kg −1 K 

Diffusivity of water vapour κv 2 . 52 · 10 −5 m 

2 s −1 

Thermal conductivity of dry air κ 2 . 5 · 10 −2 J K −1 m 

−1 s −1 

Density of liquid water ρl 1000 kg m 

3 

Dry air density, altitude 1000 m ρ0 1.11 kg m 

−3 

Reference kinematic viscosity ν 1 . 399 · 10 −5 m 

2 s −1 

Entire domain average temperature T 0 281.16 K 

Temperature in cloud region T 1 282.16 K 

Temperature in clear air region T 2 280.16 K 

Background temperature gradient G -2 K / m 

Diffusion coefficient in eq.s 8 and 14 K s 8 . 6 · 10 −11 m 

2 s −1 

Accumulation diameter r d 0 . 01 · 10 −6 m 

Kelvin droplet curvature constant A 1 . 15 · 10 −7 cm 

Raoult solubility parameter for inorganic hygroscopic substances, like ammonium sulfate, lithium chloride,... B 0 . 7 · 10 −18 cm 

3 

Initial relative humidity inside cloud S (cloud) 1.02 - 

Initial relative humidity inside clear air S (clear air) 0.7 - 

Saturation vapor mixing ratio at T 1 q v s (cloud) 0 . 79 · 10 −2 kg m 

−3 

Saturation vapor mixing ratio at T 2 q v s (clear air) 0 . 69 · 10 −2 kg m 

−3 

Water saturation pressure at T 0 = 281 e s 1.061 kPa 

Molar mass of air m air 28.96 kg mol −1 

Molar mass of water m v 18 kg mol −1 

Initial liquid water content LWC 7 . 9 · 10 −4 kg / m 

3 

Table 2 

List of parameters for the unstable cloud-clear interface direct numerical simulation hosting the monodisperse and polidisperse distribution 

of water droplets. 

Quantity Symbol Value Unit 

Simulation domain size L x 1 · L x 2 · L x 3 0 . 512 · 0 . 512 · 1 . 024 m 

3 

Simulation domain discretization N 1 · N 2 · N 3 512 · 512 · 1024 

Simulation grid step �x 0.001 m 

Initial and final Kolmogorov time τη 3 . 75 · 10 −2 , 0 . 27 s 

Initial and final Kolmogorov scale in the cloud η 0 . 6 , 2 . 2 mm 

Root mean square of velocity fluctuation in cloud region u rms 0.1125 m / s 

Initial particle response time at R 0 = 15 μm τp 3 . 6 · 10 −3 s 

Initial large eddy turn over time T l = τ 0.42 s 

Initial droplet radius for monodisperse distribution R in 15 μm 

Minimum droplet radius for polydisperse distribution R in −p , min 0.6 μm 

Maximumm droplet radius for polydisperse distribution R in −p , max 30 μm 

Total number of initial droplets (monodisperse population) N tot−m 8 · 10 6 - 

Total number of initial droplets (polydisperse population) N tot−p 10 7 - 

Simulation time step �t 3 . 8 · 10 −4 s 

Initial energy ratio E cloud /E clear air 6.7 - 

Initial integral scale l 0.048 m 

Initial Taylor micro-scale Reynolds no. Re λ 42 - 

Reynolds number based on domain dimension Re L 5000 - 

Brunt-Väisälä amplification factor, where N = (−g�T T −1 
0 

L −1 
x 3 

) 0 . 5 , unstable stratification N 2 −0 . 068 s −2 

f
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rame of reference used for the liquid water mixing ratio, which is 

escribed below in sub-section 2.2. 

However, for the use in Eqs. (3) and (4) , C d must be in turn

endered into the Eulerian frame of reference. The condensation 

ate field is determined as: 

 d (x i , t) = 

1 

m a 

dm l (x i , t) 

dt 
= 

4 πρl K s 

ρ0 �3 

N �∑ 

j=1 

R j (t) S( X j (t) , t) (8) 

here m a and m l are the air mass and liquid mass per grid cell,

l is density of water, ρ0 is reference density of dry air, R j (t) 

nd X j (t) are the radius and vector space coordinate of the j − th 

rop contained inside the grid cell, respectively. N � represents the 

umber of drops inside each grid cell, S is supersaturation de- 

cribed below, see Eq. 13 , and K s is a temperature and pressure 

ependent diffusion coefficient that includes the self-limiting ef- 

ects of latent heat release. In literature, for typical warm cloud 

onditions where the characteristic heat flux due to latent heat- 
5 
ng from a small variation in the droplet temperature is of the 

ame order of the heat flux due to thermal conduction for the 

ame temperature difference, this diffusion coefficient is consid- 

red to be constant because its temperature dependence is weak 

 K s value in m 

2 s −1 ranges from 5 . 07 · 10 −11 at T = 270 K, to

 . 17 · 10 −10 at T = 293 K), see for instance Rogers and Yau (1989) ,

otoh et al. (2016) Kumar et al. (2014) ). In agreement to our vol- 

me averaged initial temperature of 281 K, we used the value 

 . 6 · 10 −11 m 

2 s −1 . The interpolation of Eulerian field values at grid

oints to the position occupied by the water droplets inside the 

ell is done via second order Lagrange polynomials. An inverse pro- 

edure is then used for the calculation of the condensation rate, 

hich is determined at a first step at each droplet position and 

hen relocated to the closest among the eight grid vertices. A col- 

ision is supposed to occur when the distance betweeoplet centers 

s equal or below to the sum of their radii. Collisions are assumed 

o be completely inelastic. 
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.2. Lagrangian Droplet Dynamics 

In our simulations, cloud droplets are assumed to be point par- 

icles. Therefore they are always smaller than the grid size. The 

iquid water component is modelled as a Lagrangian ensemble of 

point-like droplets. A collision is supposed to occur when the 

istance between droplet centers is equal or below to the sum of 

heir radii. Collided particle coalesce. The resultant particle has a 

olume equal to sum of the collided particles and keeps as iden- 

ity the smaller ID number. The particle with the greater ID num- 

er is removed form the computational domain. Collisions are as- 

umed to be completely inelastic. We consider two different initial 

ize distributions: a mono-disperse initial distribution of particles 

f size equal to 15 μm and an initial multi-disperse distribution of 

roplets of radii from 0.6 μm to 30 μm. It should be noted, that 

imilarly to what done for the condensation rate field, Eulerian 

ow field quantities have to be determined at the droplet position 

o numerically proceed with Lagrangian equations. In this concern, 

e must highlight that we adopt a simplified feedback on the flow 

y droplets. The direct effect of the liquid droplet drag on the ve- 

ocity field is neglected in the buoyancy term in the momentum 

quation. The feedback is therefore indirect and is confined to the 

oupling of the temperature field with the velocity field and the 

apour mixing ratio through the condensation rate. The rationale 

or this position relies on the smallness of the drop Stokes num- 

ers (drop Reynolds number much less than 1) and liquid mass 

oading. 

The Lagrangian evolution for the i-th cloud droplet are given 

y 

d X i 

dt 
= v p i (9) 

d v p i 
dt 

= 

u i ( X i , t) − v p i 
τi 

+ 

(
1 − ρa 

ρw 

)
g , (10) 

here v p i is the droplet velocity; ρw 

, ρa , are the densities of water 

nd air, respectively; u (x i , t) denotes flow velocity at the position 

f the i-th particle and τi is the droplet response time. This time 

cale is defined by the Stokes drag coefficient and is adjusted to 

he droplet radius dynamical evolution, R i = R( X i , t) . Therefore 

i = 

2 

9 

ρw 

ρa 

R i ( X i , t) 
2 

ν
. (11) 

here ν is the air kinematic viscosity. If the droplet radius be- 

omes smaller than the critical value where the response time is 

ower smaller than the numerical integration time, the droplet is 

emoved. This situation never applies for the monodisperse pop- 

lation. For the polydisperse population, this droplet removal is 

egligible, less than 1/10 0 0 with respect to the initial liquid wa- 

er content (see Table 1 , LWC = 0 . 79 g/m 

3 ). In this droplet model,

e neglect a few other terms that can be of importance even 

hen the Reynolds number is below unity. In particular, we ne- 

lect Faxen’s correction associated to the velocity curvature effect 

n the drag, the added mass, the pressure gradient term and the 

asset history force. In our simulation condition, where the gas 

nd particle density ratio is of order 10 −3 , these forces are really 

egligible, as previously shown by many studies, see among others, 

rmenio and Fiorotto (2001) , Bergougnoux et al. (2014) . 

In this investigation, the droplet growth is governed by three 

rocesses: condensation, evaporation and full coalescence after 

ollision. Therefore, the numerical model for the growth of the 

articles must be coupled with the Lagrangian tracking of each 

roplet. 

For the growth-by-condensation/evaporation, we use a model 

ased on the Kohler theory, which includes the spontaneous 

rowth of cloud condensation nuclei (CCN) into cloud droplets 
6 
nder supersaturation water vapour conditions ( Kohler (1936) , 

owell (1949) , Pruppacher and Klett (1997) , Seinfeld and Pan- 

is (1998) ). A simplified form of this model was also used by 

aillancourt et al. (2001) , Kumar et al. (2014) , Gotoh et al. (2016) ,

otzfried et al. (2017) and Gao et al. (2018) for particles with size 

arger than CCN. 

Fundamentally, as droplets are advected by the fluid where they 

an grow or evaporate in response to the local vapor field, the va- 

or mixing ratio is coupled to the droplet growth-decay through 

he supersaturation S which is defined in terms of the vapor mix- 

ng ratio and the saturation vapor mixing ratio as 

 ( X i , t ) = 

q v ( X i , t) 

q v s (T ) 
− 1 . (12) 

The saturation vapor mixing ratio q v s (T ) at the droplet position 

s obtained from the Tetens formula ( Tetens (1930) ): 

 v s ( X i , t) = 

e s (T ) 

R v ρ0 T 
= ε0 

610 . 78 

ρ0 T 
exp[17 . 63 

T − 272 . 16 

T − 35 . 86 

] (13) 

here e s is the saturation pressure, and ε0 = R a /R v ∼ 0 . 62 is the

atio between the gas constants for dry air and water vapor, R a 
nd R v , respectively. For temperature above 273.16 K, see also 

onteith and Unsworth (2008) . 

The curvature of the droplet surface induces the so called Kelvin 

ffect on the evaporation rate. The bonding strength between wa- 

er molecules lying on the droplet surface and its neighbors is 

owered by the surface curvature. Therefore when the curvature 

s high, because the radii are small, the probability that water 

olecules may leave the liquid phase becomes higher. This in- 

reases the evaporation rate. 

Furthermore, aside water droplets, the atmosphere contains 

any other kinds of solid, or soft matter, or liquid, particles. Some 

f these are hydrophilic and water soluble. The effect of solu- 

le CCN on the water evaporation rate is called the Raoult effect. 

he Kelvin and Raoult effects, the curvature and the solute effects, 

an be included in the model for the droplet growth. We follow 

udson and Da (1996) and Ghan et al. (2011) and Saito and Go- 

oh (2018) and write: 

 i 

d R i 

dt 
= K s 

(
S − A 

R i 

+ 

Br 3 
d 

R 

3 
i 

)
(14) 

ere, the diffusion coefficient K s has been introduced above in re- 

ation to the condensation rate field C d , see Eq. (8) . The constant 

erms A and B represent the curvature (surface tension) and so- 

ute effects, respectively and r d the dry particle radius. Term A di- 

ectly depends on the surface tension of water ( σw 

= 72 . 75 · 10 −7 [

 cm 

−2 ] ), and of course also on the density, the gas constant for

ater vapor and the local temperature of the air phase. While, 

, aside the water and molecular weight of water, depends on 

he mass of the solute particle, its molecular weight, and the to- 

al number of ions the solute molecule dissociates into. Here, we 

ollow Saito et al. (2019) and assume that the solute dissolved 

n each drop is an inorganic hygroscopic substance like ammo- 

ium sulfate, sulphuric acid or lithium chloride which have a 

olubility parameter B close to 0.7 and an accumulation mode 

ith modal diameters r d in the range from 10 to 50 nanome- 

ers (fine mode, observed North Atlantic marine air masses, see 

vadnevaite et al. (2017) , Hudson and Da (1996) , Jensen and Charl- 

on (1984) and Flossman et al. (1985) ). For an air phase tempera- 

ure nearly constant and close to 281 K we have A = 1 . 15 · 10 −7 cm

nd B = 0 . 7 · 10 −18 cm 

3 . 

.3. Initial and boundary conditions for the flow and scalar fields 

The interaction between two homogeneous isotropic time de- 

aying turbulence fields differing in only one property, the kinetic 
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nergy level, produces the simplest anisotropic turbulent flow. The 

implicity of this flow lies in the absence of the average velocity 

radient, which means that there is no production of turbulent ki- 

etic energy and no mean convective transport. All interaction is 

he result of the fluctuating pressure and velocity fields. The two 

nteracting flows are identical apart from the kinetic energy con- 

ent, which sets a ratio (and thus a gradient) of kinetic energy 

cross the layer. Since it can be shown that the integral length 

cale of a turbulence field can be independent of its kinetic en- 

rgy, it is possible to obtain, numerically, an inhomogeneity in the 

inetic energy of two HIT fields while maintaining homogeneity in 

he length scale, Batchelor (1953) . 

The computational domain is a parallelepiped where periodic 

oundary conditions in all directions are imposed, see Fig. 1 , panel 

a). In this nominally infinite domain the Navier-Stokes and pas- 

ive scalar equations are solved with a fully dealiased (3/2 rule) 

ourier-Galerkin pseudospectral method. Time integration is per- 

ormed using a fourth order explicit Runge Kutta scheme. A par- 

llelised version of the code for the velocity field is presented in 

ovieno et al. (2001) , for details see also section Software (Incom- 

ressible Turbulent Flows) in the web pages www.polito.philofluid. 

t . 

The initial conditions are generated by building a homoge- 

eous isotropic velocity field within a volume 2 π · 2 π · 2 π, see 

ray (1998) . To create the initial condition, the velocity field is re- 

eated creating a 4 π · 2 π · 2 π domain. In one side of the domain, 

ach velocity component is multiplied by a constant, thus creating 

 ratio of energy between the fields, but keeping similar spectra 

nd thus introducing no ratio of integral scales. 

A hyperbolic tangent function is then used to smooth the in- 

erface and to define the initial mixing layer. This transition layer 

epresents 1/40 of the 4 π domain. The matched field is 

 ( x ) = u 1 ( x ) p(x 3 ) + u 2 ( x )(1 − p(x 3 )) (15) 

p(x 3 ) = 

1 

2 

[ 
1 + tanh 

(
a 

x 3 
L 

)
tanh 

(
a 

x 3 − L/ 2 

L 

)
tanh 

(
a 

x 3 − L 

L 

)] 
(16) 

here the suffixes 1,2 indicate high and low energy sides of 

he cloud interface model, respectively. Direction x 3 is the in- 

omogeneous direction and L is the width of the computational 

omain in the x 3 direction. 

Constant a in (16) determines the initial mixing layer thickness 

, conventionally defined as the distance between the points with 

ormalized energy values 0.25 and 0.75 when the low energy side 

s mapped to zero and the high energy side to one. When a = 12 π
he initial ratio �/L is about 0.026, a value that has been chosen so 

hat the initial thickness is large enough to be resolved but small 

nough to have large regions of homogeneous turbulence during 

he simulations. 

The same technique is used to generate the periodical part T ′ 
f temperature field 

 

′ (x 3 , 0) = �T ·
[ 

tanh 

(
55 

(
x 3 
L 

− 1 

2 

))
− 2 x 3 

L 
+ 1 

] 
nd of the water mixing ratio field, which are taken as non fluctu- 

ting fields at the initial time instant. See in Fig. 1 , in the right side

f panel(a), a generic dimensional representation of the mean val- 

es of the temperature, water mixing ratio and root mean square 

f the air velocity. In this regards, see also Fig. 2 , where average

alues along the inhomogeneous direction x 3 of the kinetic energy, 

WC , B, S and ε are shown at different stages along the temporal 

volution. 

In Fig. 1 , panel (b), we show the 3D kinetic energy spectra of 

he high energy homogeneous turbulent region of our system (dark 
7 
lue line, ranging from k 3 = 25 to k 3 = 1570 [m 

−1 ]). This region

epresents the small portion of cloud interacting with the clear air 

ying on top of it. In the figure, this spectrum is compared with a 

ew 3D spectra obtained by infield measurement campaigns car- 

ied out in the lower atmosphere: that is in the range from a 

ew decades of meters (over pine and hardwood forests) to a few 

ilometers of altitude (cirrus and aerosol lidar measurements) and 

xtending over Earth surfaces with linear dimension of the order 

f the atmospheric turbulence macroscale, see Biona et al. (2001) , 

atul et al. (1998) , Lothon et al. (2009) , Radkevich et al. (2008) . 

In Tables 1 and 2 , the reader can find the parametrization 

sed in the present Direct Numerical Simulations. The relevant 

hysical and thermodynamics constants are gathered in Table 1 , 

hile domain specifications, computational grid structure, turbu- 

ence scales, field control parameters and water droplet population 

nformation are presented in Table 2 . Ensemble realizations where 

btained under exactly identical physical conditions, by rotating in 

ifferent ways the box of the initial HIT velocity field i n the high 

nergy cloud region (homogenous by definition in this study) with 

espect to the box of the clear air field (the low turbulent region). 

ince, the system is inhomogeneous and anisotropic, if one rotates 

he part with high energy (the cloud) keeping fixed the other, sym- 

etry changes. In such a way, each member of the ensemble will 

ave nominally identical boundary conditions and fluid properties, 

ut, the details of fluid motion will differ from member to member 

f the ensemble because the initial setup will be microscopically 

ifferent. 

.4. Monodisperse and polydisperse droplets initial distributions 

We compare the extremes between possible population size 

istributions of water drops: a monodisperse versus a polydisperse 

opulation with uniform mass per class of radii. Droplets are ini- 

ially placed in the cloud only, i.e. in the region where turbulent 

nergy is higher, see Figs. 1 and 2 . The initial spatial distribution is 

andom and uniform. The two distributions are showed in Fig. 3 . 

The choice was made because, in the literature, a typical form 

f the size distribution in warm natural clouds to refer with is not 

et available and perhaps will not be in the near future. 

The monodisperse distribution, a drop size selected distribution, 

resents a small number of collisions given the fact that equal 

rops do not collide unless the local spatial variation of the tur- 

ulent air velocity are sufficient to give neighbouring drops dif- 

erent velocities leading to collision. See, for simplicity, the clas- 

ical theories where turbulence is treated as steady, homogeneous 

nd isotropic, with a small eddies length scale at least one order 

f magnitude larger than the drop size, East and Marshall (1954) , 

affman and Turner (1955) . The other way around, inside a poly- 

isperse drop size distribution, the collision rate is high because 

ifferent inertial drops show a different motion relative to the air 

nd this is even more so because of gravity. 

On the other hand, it is recognized that the existence of a 

nique functional shape for the distribution size is still ques- 

ioned on many grounds: different and competing mechanism 

or droplets nucleation, growth and removal are present in dif- 

erent context of cloud regions and cloud lives, see for in- 

tance the Chandrakar et al. (2020) . Furthermore, since we wish 

o model a realistic cloud-clear-air boundary temporal evolution 

e are out of the ideal conditions, based on statistical steadi- 

ess in time and spatial homogeneity, that at the moment are 

he hypotheses that can only lead to a theoretical treatment. 

ee, for instance, the recent approach based on the principle of 

aximum entropy ( Liu and Hallett (1998) and Wu and McFar- 

uhar (2018) ) or the approach based on a Langevin equations rep- 

esenting the stochastic condensation-evaporation ( McGraw and 

http://www.polito.philofluid.it
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Fig. 3. Monodisperse (left panel, 8 · 10 6 particles) and Polydisperse (right6rt panel, 10 7 particles) drop size distributions; for both distributions the initial value of total liquid 

content is LWC 0 = 0 . 8 g / cm 
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iu (2006) ; Chandrakar et al. (2016) ; Siewert et al. (2017) and Saito

t al. (2019) ). 

As mentioned above, the two populations are evolving inside 

he inherently turbulent interface layer between the small portion 

f the warm cloud and the clear air on top of it. The turbulent 

ayer feels the unstable stratification (with a Brunt-Väisälä fluctu- 

tion growth factor N 

2 equal to −0 . 0687 ) which induces in both

ases a velocity transient amplification which is followed by a free 

emporal decay, see panel (a) in Fig. 2 . 

No forcing is set on the system which aims at modeling a re- 

listic small cloud perturbation localized near the cloud boundary. 

he presence of a turbulence energy gradient is sufficient for Gaus- 

ian departure due to the anisotropy effects, and intermittency of 

elocity fluctuation and velocity derivative statistics, see Figs. 5 and 

 . 

The turbulence energy gradient quickly leads the small scales 

f the turbulence out of isotropy and induces a pressure trans- 

ort not negligible with respect to the turbulent velocity transport 

ordella et al. (2008) ; Tordella and Iovieno (2011) ; Tordella and 

ovieno (2012) . All these aspects are active along with the tran- 

ient evolution of the cloud/clear-air system and affect the drop 

ollision rate in a way that has not yet been explored in literature 

o far. In particular, since in this situation the background airflow 

enetration inside the region of low turbulence is maximum, it is 

nteresting to observe what happens to the droplet collision rate 

nd penetration throughout the interfacial layer and into the clear- 

ir portion of the system. 

. Results 

In a comparative way with respect to the two kinds of drop 

opulations, in the following two subsections, we describe results 

oncerning drop size growth (positive in case of condensation, neg- 

tive in case of evaporation) and the modification of their distribu- 

ions along transient observed up to 10 eddy turn over times. For 

hree different transient stages, Fig. 4 visualize an inner slice of 

he computational domain normal to the mixing layer. Visualiza- 

ion highlights the mixing layer in-homogeneity, its time growth, 

he water vapor concentration, the velocity enstrophy decay and 

oncurrent small scale dissipation, and the droplet spatial distribu- 

ion. 

.1. Droplet size distribution temporal evolution. Condensation, 

vaporation, collision-coalescence 

For a few time instants inside the transient, Figs. 7 and 8 show 

he numerical and mass concentrations for both drop populations. 

n both cases, it is evident a variation of the shape of the distribu-

ion inside the interaction layer. 

In the monodisperse case, Fig. 7 , the distribution progressively 

nlarges on the side of sizes smaller than the initial radius, which 
8 
as 15 μm. At about 8.54 τ, inside the interaction zone, the nu- 

erical concentration of drops of 13 μm is 100 times higher than 

n the cloud and the minimal radius is a bit lower than 11 μm, 

hile inside the cloud the minimal radius is slightly below 13 

m. In the mixing layer, the width of the distribution part asso- 

iated to coalesced droplets is much wider. It is noticeable to ob- 

erve that collisions can happen between drops of radius different 

rom the initial 15 μm, e.g. between two drops slightly below ra- 

ius 13 μm or one drop of 11 μm and another one of nearly 13

m, while inside the cloud portion collision happen almost only 

etween droplets that both are close to 15 μm, meaning that the 

vaporation is much more intense inside the anisotropic portion of 

he system. As can be quickly appreciated also by looking at panels 

) and d) of Fig. 9 , figure that describes the processes of conden-

ation and evaporation concomitantly taking place in both parts of 

he system. We will come back to these aspects below. 

By looking at the polydisperse distribution, see Fig. 8 , which 

nitially includes drops randomly positioned inside the cloud re- 

ion with a uniform mass in the volume classes from 0.6 to 30 μm, 

nce again, we observe a more intense dynamics inside the mixing 

egion as compared to the cloud. Concentration highly differenti- 

tes in time inside the interface: for instance, at large radii, the 

nes close to 30 μm, the decrease is of three order of magnitude, 

ee panel b) of Fig. 8 . Either in panels a) and b), one can appreciate

he enlargement of the distribution up to radii around 38 μm, the 

aximum radius reachable from the coalescence of two droplets of 

0 μm. However, in the cloud region, the growth by coalescence is 

ccompanied by a robust condensation which is marginally present 

n the interface region beyond radii of 30 μm. 

Coming to Figs. 9 , 10 , we can discuss the different weight that 

ondensation and evaporation have in the temporal evolution of 

he system. From top to bottom, these figures present data on the 

ositive growth of the ray (condensation), on the negative growth 

evaporation) and on their combined effects in a given instant near 

he end of the transient at about 7 eddy rotation times. 

Let us consider first, the mono-disperse population dynamics. In 

he left side of Fig. 9 , one can see that inside the cloud portion the

ondensation action is present but milder than the evaporation, 

bout 10 times less. Counter-intuitively, condensation is propor- 

ionally more intense on collided-coalesced drops, see right side 

n panel a). Also, we observe a small range of radii ( 15 . 125 − 15 . 25

m) where condensation-evaporation balance perfectly, see panels 

) and e). Now, by considering the interaction region, panel b), d), 

), we can observe the highest level of condensation for droplets 

lose to 15 μm and for the collided-coalesced droplet with radii 

lose 18.9 μm. However, at these radii values, evaporation balances 

ondensation. Furthermore, evaporation becomes in time very im- 

ortant and generates drops as small as 11.8 μm after 8.5 τ0 , even 

f then kinetic energy inside the system is falling down by 18 times 

n the cloud region and by 6 times in the clear-air region. No- 

ice that inside the shearless layer, evaporation is immediately ac- 
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Fig. 4. Visualization of fields inside the turbulent shearless layer in between the cloud and clear-air portions of the simulation: water vapor (left, legend values in kg/m 

3 ), 

enstrophy (middle, values in sec −2 ) and droplets (right, diameters in arbitrary units, polydisperse population). From top to bottom, snapshots at 3, 6 and 9 eddy turnover 

times. 
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ive on collided particle, a thing which does not happen inside the 

loud region. Overall, in the interface region, evaporation and col- 

ision prevail over condensation. 

In the polydisperse case, see Fig. 10 , the situation is different. 

n the cloud region, all along the transient, condensation is pre- 

ailing on evaporation only in the radii range 2 − 6 μm . Inside the 

nterface layer, instead, evaporation always prevails on condensa- 

ion. Even if, a near balance is reached at a radius of 3 μm . A more

ntense evaporation is active on smaller drops where the curva- 

ure effect (the negative Kelvin term in the radius growth rate 

q. (14) ) plays an important role. Here, we observe an evaporation 

ate about three times more intense than the condensation rate. 

ne thing worth noticing is that in the interface both condensa- 

ion and evaporation rates evolve non linearly in time, reaching the 

aximum around five eddy turn over times. 

.2. A comment on the droplet size distribution structure 

It is important to remember that the system longterm state is 

hat of a residual turbulence intensity spatially nonuniform where 

 general time reduction of the collision rate should be expected. It 

ust be also noted that the information conveyed by the drop size 

istributions ( Figs. 7, 8 ) are not sufficient to highlight the quanti- 

ative details of the condensation-evaporation processes which are 

nstead visible from the analysis shown in previous Figs. 9, 10 . 

However, size distribution shape variation are useful to get an 

verall view of the population evolution. In the following Figs. 11 

nd 12 , we focus on the distribution shape, width, position and 
9 
alue of the maximum for radii range where condensation and 

vaporation dominate. We neglect the coalescence between large 

articles that leads to radii larger than 18 μm in the monodisperse 

ase and larger than 31 μm in the polydisperse case. 

In the monodisperse case, see Fig. 11 , both inside the cloud re- 

ion and the interface layer, size distributions are highly skewed. 

ee panels a) and b), where they are shown in the last part of the

bserved transient. The distribution width is greater in the mixing 

ayer than inside the cloud region, at 7.8 τ0 the standard devia- 

ion is 11 times larger. We measured the time scale of the drop 

ize standard deviation growth and, to enrich the information on 

he shape, we measured it also at a given percentage of the prob- 

bility density peak ( 0 . 03% ), see panels c) and d). Inside the in-

erface, with respect to the cloud region, the growth of standard 

eviation is 15 times faster, while at the 0 . 03% of the probability

ensity peak, the growth is 6 times faster. The drop radius at the 

istribution peak slightly grows in time, more in the interface than 

n the cloud; while the value of the peak decreases more rapidly 

4.5 times) in the interface, see panels e) and f) in fig. 11 . 

In the polydisperse case, see Fig. 12 , trends are reversed. The 

oncentration distributions are now skewed in the opposite way, 

ee panels a) and b), where the distribution shape is shown near 

he end of transient, again at about 7.8 eddy turn over times. 

he width of distributions shrinks in time, more quickly (about 4 

imes) inside the interface region, see panels c) and d) where we 

nclude the information on the exponential variations of the dis- 

ribution width at a concentration corresponding to the 3% of the 

robability density peak value. In the mixing, the exponential de- 
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Fig. 5. Statistical moments of the fluctuation of the velocity longitudinal x 3 derivative. Left, derivative in the direction across the interface. Right, derivatives along the 

direction parallel to the interface. The different behaviour highlights the intrinsic anisotropy of the fine scales of the turbulence inside this shear free layer. 

Table 3 

Droplet size distribution trends during the transient decay inside the cloud and the interfacial layer. 

CLOUD 

Quantity Fit Law Unit 

Initial Monodispersion 

Standard deviation σCM (t) = 0 . 015 t/τ0 + 0 . 05 μm 

Width w at the 0 . 03% of the probability density peak w CM (t) = 0 . 047 t/τ0 − 0 . 006 μm 

Polydispersion (initial uniform mass) 

Standard deviation σCP (t) = −0 . 19 t/τ0 + 19 . 69 μm 

Width at the 3% of the probability density peak w CP (t) = 26 . 47 − 2 exp (0 . 11 t/τ0 ) μm 

INTERFACIAL MIXING 

Quantity Fit Law Unit 

Initial Monodispersion 

Standard deviation σIM (t) = 0 . 23 t/τ0 + 0 . 003 μm 

Width w at the 0 . 03% of the probability density peak w IM (t) = 0 . 28 t/τ0 − 0 . 02 μm 

Polydispersion (initial uniform mass) 

Standard deviation σIP (t) = −0 . 74 t/τ0 + 17 . 94 μm 

Width at the 3% of the probability density peak w IP (t) = 16 . 62 − 17 . 23 exp (0 . 67 t/τ0 ) μm 

Suffices: CM cloud mono, CP cloud poly, IM interface mono, IP interface poly 

c

t

m

i

t

a

r

t

w

e

s

ay is 6 time faster. At distribution peak, the drop radius grows in 

ime more or less in the same way both inside the cloud and the 

ixing region, while the value of the related concentration grows 

n the cloud and remains nearly constant in the interface. 

By equating the time variations of the standard deviations of 

he monodisperse and polydisperse size distributions, see Table 3 
10 
nd the captions of Figs. 11 and 12 , we can estimate the time 

equired by the two populations to reach a same width under 

he evaporation and condensation processes. I n the cloud region, 

hich is a homogeneous isotropic time decaying turbulence, t he 

stimate is about 100 τ0 . Note, at this time, the turbulence inten- 

ity will be reduced to about one hundredth of its initial value. 
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Fig. 6. Statistical moments of the supersaturation and water vapor density fluctuations. Mono-disperse drop size distribution, unstable and time decaying cloud clear-air 

interaction. A practically identical situation holds for the poly-disperse distribution. When keeping constant the total liquid water content (LWC), this is due to the fact that 

the kind of distribution barely influence the background velocity and scalar fields. 

I

t  

A

i

s

d

l

s

t

p

p

l

a

d

m

t

s

t

t

t

s

t

s

t

fl

t

fi

 n the interface region, which is an anisotropic and very intermit- 

ent, t he estimate is of about 18 . 5 τ0 , i .e. more than 5 times faster.

 remarkable acceleration of these processes is therefore observed 

n the shear-free mixing layer separating the cloud from the sub- 

aturated environmental air. 

This result is somehow counter intuitive since it is observed 

espite the fact that beyond the temporal decay of the turbu- 

ence, present in the whole system, the interface also hosts the 

patial decay of the kinetic energy. We explain this behavior in 

erms of the turbulence small scale anisotropy and intermittecy 

eculiar of the interface layer. This is characterized by a large de- 

arture from the typical values of the isotropic condition of the 

ongitudinal velocity derivative moments in the directions across 

nd parallel to the layer. It has been demonstrated that longitu- 
11 
inal derivatives in the energy gradient direction are more inter- 

ittent, while the intermittency is milder in the orthogonal direc- 

ions, Tordella and Iovieno (2011) . This structure of anisotropy is 

uch that the skewness departure from isotropy reduces the con- 

raction of fluid filaments parallel to the mixing layer and enhances 

hat of the filaments orthogonal to it. A possible interpretation is 

hat filament contraction across the interface enhances the colli- 

ion rate and the local supersaturation, thus enhancing condensa- 

ion of coalesced droplets, while the concomitant relative expan- 

ion of fluid filaments parallel to it enhances the evaporation. On 

he other hand, the large scales of turbulence cannot greatly in- 

uence the evolution within the mixing layer. They vary little in 

his type of simulation. First, because the computation domain is 

xed. Second, because outside the mixing region both the ratio of 
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Fig. 7. Water droplet size and mass distribution. Simulation of the monodisperse drop population centered around the initial value of 15 μm, 8 · 10 6 droplets. Panel (a) 

droplet size distribution and mass distribution as a function of radius classes for the cloud region (HIT turbulence). Panel (b): droplet size distribution and mass distribution 

as a function of radius classes for the cloud and clear air/interface (shearless turbulent layer). See Table 1 for physical and thermodynamical parameters, see Table 2 for 

details on the numerical simulation parameters. 

Fig. 8. Water droplet size and mass distribution. Simulation of the polydisperse population with radii initially inside the range: 0 . 6 − 30 μm, 10 7 droplets. Panel (a) droplet 

size distribution and mass distribution as a function of radius classes for the cloud region (HIT turbulence). Panel (b) Droplet size distribution and mass distribution as a 

function of radius classes for the cloud and clear air/interface (shearless turbulent layer). See Table 1 for physical and thermodynamical parameters, see Table 2 for details 

on the numerical simulation parameters. 
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he large scales and the ratio of the kinetic energies slowly vary in 

ime, Tordella and Iovieno (2006) . 

. On the feasibility of an approximate determination of the 

ollision coalescence kernel within both homogeneous and 

nhomogeneous time decay turbulences 

A collision kernel function is the factor within the aggrega- 

ion integral term present in a typical Population Balance Equa- 

ion (PBE) of drops of water, i.e. a model equation that aims to 
12 
escribe the dynamics of droplet size distributions, Kostoglou and 

arabelas (1994) , Vanni (1999) , Aiyer et al. (2019) . In the econ-

my of this work, the main focus is not on the kernel question. 

e simply want to open the discussion on problems that arise 

hen we consider realistic inhomogeneous turbulence conditions 

n a phase of rapid decay not matching the time scales typical 

f the micro-physics of droplet population. In case of substantial 

ow temporal transient where the intensity of turbulence decays 

f more than 90% in less than 10 eddy turn over times, this im- 

lies that kernel depends also on the kind of initial droplet size 
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Fig. 9. Monodisperse drop size distribution, unstable and time decaying cloud clear-air interaction. Mean droplet radius growth rate over different radius classes. Top panels: 

positive growth by condensation; central panels: negative growth by evaporation; bottom panels: resulting mean growth rate at selected time instant, computed on the 

entire population of droplets. 
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istribution. In fact, on the one hand, the action of turbulence in 

avoring the collision of droplets is fading, on the other hand, there 

s not enough time for the population to reach the asymptotic state 

elevant to the set of physical parameters operating in the system 

super / sub-saturation, temperature stratification, total liquid wa- 

er content, Reynolds number). This longterm is in fact reached 

n 18 . 5 τ0 in the interface and in 100 τ0 in the cloudy region, see

he estimates presented in Section 3.2. More, it must always be re- 

embered that turbulence in lukewarm clouds has a global time 

cale of nearly 100 seconds, only. Therefore speaking of asymptotic 

onditions can be meaningless. Their dynamics must be conceived 

s a continuous succession of transients, one different from the 

ther. 

Given this overall picture, it would be appropriate to extend 

he concept of collision kernel by recognizing its explicit tem- 

oral and spatial dependence. Regarding the spatial dependence, 
13 
t must also be recognized that within the cloud-clear air inter- 

ace the turbulence while spatially decaying also manages to sig- 

ificantly accelerate the evaporation and collision processes com- 

ared to what happens inside the cloud, here represented as 

omogeneous. 

In literature, the common scenario for studies of turbulent 

ows laden with solid particles or liquid droplets is the steady- 

tate homogeneous isotropic turbulence. In this situation the ker- 

el is not time dependent for two reasons: - because the tur- 

ulence, as well the related control parameters, is steady, - be- 

ause any kind initial drop size distribution has the time to get 

he asymptotic configuration pertaining to the, super or sub, water 

apor saturation, and to the liquid water content condition present 

n the system. Related contributions, including the context of at- 

ospheric cloud physics, are numerous and by now a few of them 

ecame historically important. For reviews on the subject, read- 
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Fig. 10. Polydisperse drop size distribution, unstable and time decaying cloud clear-air interaction. Mean growth rate over different radius classes. Top panels: positive growth 

by condensation; central panels: negative growth by evaporation; bottom panels: resulting mean growth rate at selected time instant, computed on the entire population of 

droplets. 
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rs can refer to Wang et al. (2009) , Grabowski and Wang (2013) ,

evenish et al. (2012) . 

The variations in particle concentration are far greater than 

ould be expected from statistical considerations. This raises se- 

ious concerns about the utility of statistical models to represent 

article-laden turbulent flows, Eaton and Fessler (1994) ). 

The turbulent process for which we measure the collision ker- 

el tries to mimic a real small initial perturbation of the interface 

loud clear-air which includes a mild unstable stratification. Colli- 

ions are viewed as geometric since the Stokes’ drag was included 

n the momentum equation of the particle, however, droplet - 

roplet local aerodynamic interactions are not included. We as- 

ume a collision efficiency equal to unity. Another minor simpli- 

cation is that the coalescence efficiency, which is defined as the 

atio of the number of actual merged drops and the total num- 
l

14 
er of collisions, is taken equal to unity ( Woods and J. (1965) and

eard et al. (2002) ). IThe initial liquid water content (LW C) is 0.8 

 m 

−3 , a close value to the typical adiabatic value found in cumu- 

us clouds. We computed the collision kernel from our simulation 

s: 

F S,SPP (R 1 , R 2 ; t , V r ) = 

N coll 

n 1 n 2 

V r 
(t 2 − t 1 ) 

, (17) 

here F S means flow structure, SP P means relevant set of physi- 

al parameters N coll (R 1 , R 2 , t ∈ [t 1 , t 2 ]) is the number of collisions

etween droplets of radius R 1 and R 2 , occurred during a selected 

ime window [ t 1 , t 2 ] and within a selected spatial region of volume

 r = L 1 × L 2 × �x 3 . In the denominator, n 1 and n 2 are the numbers

counters) of a ll droplets within the class size where R 1 and R 2 be-

ong, for the same temporal range and spatial volume. See, for ex- 



M. Golshan, S. Abdunabiev, M. Tomatis et al. International Journal of Multiphase Flow 140 (2021) 103669 

Fig. 11. Mono-disperse drop size distribution, unstable and time decaying cloud clear-air interaction. Distribution characteristics. From top to bottom: left and right part of 

the distribution with respect to peak value for selected time instance(a,b); change of the distribution width over time (green) and its fit(black, 0 . 047 (t/τ0 ) − 0 . 006 in cloud 

and 0 . 28 (t/τ0 ) − 0 . 02 in mixing), standard deviation of the distribution over time (orange) and its fit (gray, 0 . 015 (t/τ0 ) + 0 . 05 in cloud and 0 . 23 (t/τ0 ) + 0 . 003 in mixing) 

(c,d); change of peak distribution value (blue) and corresponding radius class (red) over time (e,f). 
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mple, Eq. (3) in Vanni (1999) . All counters are obtained from a 

niform radii discretization. 

Let us start the results description by considering in Fig. 13 

he collision kernel values for the polydisperse population com- 

uted inside time intervals as wide as one third of the transient 

ecay. In this case, given the concomitant presence of very dif- 

erent droplets, the volume ratio between the largest to smallest 

s of the order of 1.25 ·10 5 , thus the number of collision will be

arge. Out of 10 7 total droplets, we in fact observe about 5 ·10 4 col-

isions over about 10 physical time scales.In the left column we 

ave the interface values, in the right column the cloud values, 

rop radii are classified in 256 ranges. The top panels, the first 

hird of the transient, own about 10400 collisions on 10 million 

f drops. About one fourth of collisions take place inside the in- 

erface. One can appreciate that practically anywhere inside the 
15 
ixelated matrix the values of the kernel values inside the inter- 

ace are higher than in the cloud portion. Kernel value levels are 

ot sharply contoured. In fact, we can see wide portions of the 

atrix where an intense and discrete (pixelated) merging of val- 

es that differ by one or more orders of magnitude is observed. 

his remain true for the other two thirds of the transient where 

he main difference is the increase of the number of collisions in- 

ide the interface at the expenses of the number of collisions in- 

ide cloud. At the end of the transient, bottom panels, the colli- 

ions inside the interface are more numerous that inside the cloud 

4179 versus 3824). In Fig. 13 , outside the initial drop radii area 

0 − 30] μm x [0 − 30] μm, we can see points (pixels) that rep- 

esent drops resulting from a possible double or triple sequence 

f collisions, see also Figs. 8 and 10 . Values here are maximal 

 1 · 10 6 ). 
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Fig. 12. Poly-disperse drop size distribution, unstable and time decaying cloud clear-air interaction. Distribution characteristics. From top to bottom: left and right part of the 

distribution with respect to peak value for selected time instance(a,b); change of the distribution width over time (green) and its fit(black, 26 . 47 − 2 exp (0 . 11 (t/τ0 )) in cloud 

and 16 . 62 − 17 . 23 exp (−0 . 67 (t/τ0 )) in mixing), standard deviation of the distribution over time (orange) and its fit (gray, −0 . 19 (t/τ0 ) + 19 . 69 in cloud and −0 . 74 (t/τ0 ) + 

17 . 94 in mixing) (c,d); change of peak distribution value (blue) and corresponding radius class (red) over time (e,f). 
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More interesting, however, is the situation inside the interface 

egion which is expanding both in the simulation and in the real 

ystem. Here, notwithstanding the intense energy decay, see Fig. 2 , 

he absolute number of collisions inside the interface layer grows, 

hile the volume density of collision slightly decay of nearly a 

0% . We will come back later on this aspect by commenting on 

he collision correlation with the velocity and passive scalar fluc- 

uation intermittency. 

Considering now the situation for the initially monodisperse 

rop population, we observe a dramatically lower number of col- 

isions - a thing attended given that initially drops are identical. 

ee Fig. 14 , where the total number of collision along the entire 

ransient is about 400 out of the 7 million of drops introduced in 

he system to reach the total liquid water content for warm cloud 
16 
 LW C = 0 . 8 g/ m 

3 ). Inside the cloud region, the number density of

ollisions decays of the 76% along the transient. This happens con- 

urrently with the decay of the kinetic energy of 92% . The absolute 

umber remains instead constant inside the expanding interface 

egion where drops undergo a rapid evaporation. This corresponds 

o a decay of the 50% in term of the number density concurrently 

ith a 86% decay of kinetic energy. 

Actually, the information that can be derived from this analysis 

s the diagonal and lateral spreading on the radii range where in- 

ormation is available. From this set of simulations and the actual 

nsemble averaging over three samples, as preliminary informa- 

ion, we can deduce a diagonal spreading of about 18% per eddy 

urn over time, and a lateral spreading of 25% . To put forward a 

imulation campaign leading to an ensemble averaging based on 
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Fig. 13. Polydisperse drop size distribution, unstable and time decaying cloud clear-air interaction. Comparison of kernel value evolution inside the cloud-clear air interface 

(left) and the homogeneous cloud region (right). Ensemble average obtained over three realizations of simulation data, mean evolution over time intervals as long as one 

third of the entire observed decay. Collision radii subdivided into 256 classes. 
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 number of collision events of the order of a few thousands, a 

umber of realizations of the order of 10 0-20 0 is needed. 

By observing the temporal evolution of the polydisperse popu- 

ation within shorter intervals, the kernel morphology disclosed by 

he 256 radii classes computation appear to be layered. The peak 

alues are concentrated in the lateral corners where the collisions 

ake place between the smallest and the largest droplets. Interme- 

iate values pertain to collision between large drops. Minimal val- 

es to collisions between small drops. Zero probability for colli- 

ions among same radius drops, for any radius value. This trend 

pply both to the interface and the cloud regions. But in propor- 

ion values inside the cloud homogeneous region are lower, in gen- 
17 
ral, by less than one order of magnitude. A reasonably sufficient 

umber of realizations to get a statistical base of a few 10 4 events 

ould be 10-20. 

Eventually, we would like to briefly discuss the previous re- 

ults compared to the very popular theory of Saffman and Turner 

1955) Saffman and Turner (1955) , hereinafter referred to as the 

T model. This model is still a reference of general interest in 

he field of the engineering of multi-phase turbulent flow systems. 

he Saffman and Turner model holds for a background turbulence 

hich is steady state, homogeneous and isotropic. A situation thus 

ar from the system conditions we are studying here. That is a sit- 

ation characterized by an unstable density stratification and tran- 
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Fig. 14. Mono-disperse drop size distribution, unstable and time decaying cloud clear-air interaction. Comparison of kernel value evolution inside the interface region (left) 

and the cloud region (right). Ensemble average obtained over three realizations from simulation data. 
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ient decay of an inhomogeneous and anisotropic shearless turbu- 

ence which is mimicking the interaction between a warm cloud 

ortion and the clear air bounding it. Anyway, at present, the lit- 

rature does not present kernel statistics for collisions hosted by 

n anisotropic turbulence in temporal decay and thus this kind of 

omparison can be useful to highlight differences between a near 

rgodic and a fully non ergodic system. 

The comparison is presented in Fig. 15 , where the three con- 

ributions inside the ST model are contrasted, namely, i) collision 

ate due to different particle inertia because of the action of the 

urbulent acceleration, term A, ii) action of gravity, term B, and 
18 
ii) collision rate due to the spatial variation of turbulence air ve- 

ocity, term C. It should be recalled that ST model is not parame- 

erized with the Reynolds number, which is anyway hypothesized 

ery large. It can be noticed that in this model, for ε = 10 cm 

2 / m 

3 

nd an air temperature of 280 K, the collision between drops mov- 

ng with the air, term C, is playing a minor role with respect to 

erms A and B. The two bottom panels of Fig. 15 show the com- 

arison of the ST model with the kernel computed for the poly- 

isperse droplet population case. The comparison is done inside a 

ortion of the transient where the dissipation value is not far from 

he value inserted in the ST model. One can appreciate a difference 



M. Golshan, S. Abdunabiev, M. Tomatis et al. International Journal of Multiphase Flow 140 (2021) 103669 

Fig. 15. Comparison between the Saffman and Turner model (valid for steady state HIT: ε = 10 cm 

2 /s 3 , R 1 , R 2 ∈ [0 , 38] μm, R 1 /R 2 < = 2 and R 2 /R 1 < = 2 ) and our simulation 

(unsteady, inhomogeneous, with anisotropic small scale) on collision kernel values in a transient lapse where the dissipation has a comparable value, t/τ0 ∈ [5 . 7 , 8 . 5] . Top left 

panel, kernel as deduced from eq.10 and related not numbered eq.s in Saffman and Turner (1955) . Top right and middle panels, the three ST terms: droplet motion relative 

to the air, droplet relative motion due to gravity, droplet motion with the air, respectively. The portion of the R 1 , R 2 graph where the model is valid is only considered. 

Bottom panels: kernel values for the polydisperse population. Left, mixing interface, right, cloud region. 
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n the kernel values, that in the simulation are generally lower 

from a few persents and up to about 90-100%) than the model 

see the top left panel in fig. 15 ). The shape of the kernel is differ-

nt, similar more to a band than a butterfly morphology. However, 

n view of a future study, fully dedicated to obtaining quantita- 

ively accurate values and morphology of the collision kernel under 

patially non-homogeneous and time decay conditions, we believe 

hat it would be necessary to conduct a large campaign of simula- 

ions. Aiming to obtain ensemble averages on a large set of sam- 

les. In the case of the widely polydispersed population in which 

he probability of droplet collision was conditioned to be high, we 

stimate a need of ensemble averages based on 10-20 samples, a 

umber that should produce statistics based on a number of colli- 

ion events larger than 10 4 . In the opposite case of monodisperse 
19 
opulation, the number of samples for ensemble averages to attain 

tatistics on about 10 3 collision events should be of the order 100. 

.1. Small scale turbulent velocity fluctuation and collision count 

orrelation 

To explain physically the observed acceleration of evaporation- 

ondensation and collision inside the cloud interface, it is impor- 

ant to verify the correlation between the fine scale of the turbu- 

ence and the collision count for the the poly-disperse population 

ransient evolution where we have a high rate of collision events. 

t should be noted, that in the shear-free transient decay, the tur- 

ulence large scale remains almost unchanged while inertial and 

issipative small scale are widening because both kinetic energy 
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Fig. 16. Pearson’s correlation index, r �t (x 3 ) = 

∑ N t 
i =1 

(x i − x (x 3 ) )(y i − y (x 3 ) ) / 

√ ∑ N t 
i =1 

(x i − x (x 3 ) ) 2 
√ ∑ N t 

i =1 
(y i − y (x 3 ) ) 2 , between small scale intermittency of the turbulent veloc- 

ity field and the droplet collision count ( N coll ). The correlation is showed via turbulence small scale anisotropy related quantities: standard deviation, skewness and kurtosis 

of the longitudinal derivative fluctuation ∂ u 3 /∂ x 3 . �t is the observed transient length, N t is the number of turbulent velocity and droplet collision fields recorded along the 

transient, in this case N t = 33 . Bottom panels: distribution along x 3 of the velocity longitudinal derivative Kurtosis and of the collision count. 
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nd dissipation are decaying. The mixing layer width is concomi- 

antly growing and a measure of the turbulence penetration in the 

ub-saturated ambient is given by the displacement of the max- 

ma of the velocity field skewness and kurtosis. A measure of the 

ntermittency and anisotropy of the smallest scale in the mixing 

s obtained in terms of velocity derivative statistics, in particular 

n terms of the longitudinal derivative statistics. We computed the 

ariation along x 3 , the direction across the interface, of the corre- 

ation index (Pearson’s product-moment correlation index) in the 

emporal window observed during the simulation. The correlation 

s shown in Fig. 16 . Inside the cloud region, the correlation oscil- 

ates about zero but in the mixing it reaches the value of 0.5 for 

oth the velocity derivative skewness and kurtosis of the longitu- 

inal component across the interface. The correlation value rises to 

bout 0.8 for the velocity derivative standard deviation. This result 

ighly support the interpretation that the relative fluid filaments 
20 
ompression across the interface foster collision among droplets. 

nd highlight how water droplet growth by coalescence due to col- 

ision can still take place at the cloud border. 

. Conclusions 

The contribution of this study consists in having considered one 

f the possible shear-free transient interactions between cloud and 

lean air that are commonly present in the natural sequence of 

tages lasting about 100 seconds that mark the rhythm of a cloud 

ife. The natural system anisotropy including that of the small scale 

f the turbulence is taken into account. Two different types of wa- 

er droplet populations have been considered. The case of a popu- 

ation containing drops initially having the same diameter, a situa- 

ion in which collisions are in fact unlikely, and the case of a pop- 

lation of drops with very different radii (polydisperse, with uni- 
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orm mass per class of radii), which, on the contrary, is biased to 

ost many collision events. In both cases we have included in the 

omputational domain a number of drops of the order of 10 mil- 

ion, which matches the real liquid water content of warm clouds. 

The important clue we got from both the monodisperse and 

olydisperse population simulations is that the unsteady turbu- 

ence mixing confining the cloud region hosts a remarkable ac- 

eleration of the droplet population dynamics. In particular, the 

roplet evaporation and collisional activity is enhanced. In a time 

pan where the kinetic energy of the air flow hosting the cloud is 

ropping of the 90%, the collision activity reduces by the 40% in- 

ide the cloud but rises by the 25% in the interaction mixing with 

he clear air. For the initially monodisperse population, in the mix- 

ng layer, the size-distribution of the drop numerical density shows 

 growth of standard deviation 15 times faster of that in the cloud 

egion. The drop radius of the distribution peak slightly grows in 

ime, more in the interface than in the cloud; while the value of 

he concentration peak decreases 4.5 more rapidly in the interface 

han in the cloud. In the polydisperse case, trends are reversed. 

he concentration distributions are now skewed in the opposite 

ay and the width of distributions shrinks in time, more quickly 

about 4 times) inside the interface region than in the cloud. The 

rop radius of the distribution peak slightly grows in time, in the 

ame way in both regions; while the value of the peak grows in 

he cloud and stays almost constant in the interface. 

The observed acceleration of the population dynamics in the 

nterface, the rapid differentiation of the size of the droplets due 

o the different weight that evaporation, condensation and colli- 

ion have in the highly intermittent mixing region can, at least 

n part, explain the rapid increase in the size of droplets that is 

bserved in some formations of cumulus clouds, in particular the 

aritime ones, and is considered capable of locally inducing rain- 

all, Mason and Chien (1962) , Li et al. (2020) . 

These findings are observed despite the fact that beyond the 

emporal decay of the turbulence, present in the whole system, 

he interface also hosts the spatial decay of the kinetic energy. 

n this flow system, the large scales of turbulence vary little, be- 

ause the computational domain is fixed and because the ratio of 

he large scales and the ratio of the kinetic energies between the 

loudy and ambient air regions slowly vary in time, Tordella and 

ovieno (2006) . An inference can be made where the accelerated 

ynamics is associated to the small scale anisotropy and intermit- 

ecy peculiar of the interfacial layer. In fact, here, the small scale 

tructure is characterized by a large departure of the longitudi- 

al velocity derivative moments from those typical of isotropy. The 

ongitudinal derivative in the energy gradient direction is more in- 

ermittent, while the intermittency is milder in the orthogonal di- 

ections. The structure of the anisotropy is such that the skewness 

eparture from isotropy reduces the contraction on fluid filaments 

arallel to the mixing layer and enhances that of the filaments or- 

hogonal to it, Tordella and Iovieno (2011) . We thus hypothetize 

hat flow filament contraction across the interface enhances the 

roplet collision rate while the relative stretching of fluid filaments 

arallel to it enhances evaporation. Of course, this picture must 

lso be associated with the high degree of non-Gaussianity of the 

upersaturation and density of water vapor within the interfacial 

ayer. 

In a condition where the total water liquid content matches 

hat of a warm cloud, our collision kernel analysis has shown a 

lear dependence on time and spatial regions where collisions take 

lace. Thus an extension of the concept of collision kernel is re- 

uired for a transient and inhomogeneous system in which turbu- 

ence is decaying faster than the proper time scales of the aque- 

us phases involved. It is interesting to observe that, due to the 

ynamical acceleration inside the interface, an asymptotic state 

or the population droplet-size distribution could be reached more 
21 
asily inside the interface than inside the decaying cloudy region. 

or asymptotic state we mean the longterm state of the droplet 

opulation associated to a given structure of the background tur- 

ulent air flow, supersaturation, stratification and total water liq- 

id content. Our observation suggests that it may be more feasible 

o determine the kernel function within the interfacial region. Al- 

hough it must be taken into account that in physical reality the 

oundaries of the clouds do not reach true asymptotic states as 

hey are subject to a continuous sequence of transitory phases that 

re different from each other. And therefore the search for long- 

erm statistics would not be very meaningful. 

The comparison with the Saffman-Turner model, valid for a 

opulation in conditions of stationary and isotropic turbolence, is 

artly positive. By placing ourselves in a condition where the num- 

er of droplets corresponds to the physical water liquid content of 

arm clouds and the dissipation of turbulent energy - the only dy- 

amical parameter present in that model - has a same value both 

n the model and in the numerical simulation, we observe kernel 

alues below those of Saffman-Turner (from a few percents and up 

o 90%). The morphology is also different mainly inside the mix- 

ng region where a band structure more than a butterfly shape is 

isible. 
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